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We recommended a BHM approach to
improve measurement accuracy.
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strated the improved accuracy.

We proposed an effective computation
method for easy implementation of BHM.
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ABSTRACT

Calibration in analytical chemistry is crucial for ensuring the accuracy and reliability of measurements. Proper
calibration strategies minimize errors, enhance reproducibility, and maintain compliance with regulatory
requirements. Without it, data integrity could be compromised, leading to incorrect conclusions and potentially
flawed decisions in both research and industrial applications. Calibration strategies can be affected by the
type of analytical instrumentation utilized as well as the time and resources available to the analyst. In this
work, we reevaluated the commonly used calibration method as a statistical estimation problem to highlight
the long history of improving calibration uncertainty and proposed a Bayesian hierarchical modeling (BHM)
approach, which offers enhanced accuracy and consistency for calibration-based methods without changing
the current experimental settings. Using data from three types of calibration problems, we showed that (1) the
notable variability of a typical calibration-based method is due largely to the relatively limited sample size
used for fitting the calibration curve, (2) the BHM approach effectively mitigated this uncertainty by pooling
relevant information from multiple data points within a test and combining information from calibration curve
coefficients across similar calibration curves, and (3) replications can enhance the estimation of measurement
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uncertainty. Our findings demonstrate that the accuracy and consistency of all calibration-based measurement
methods can be significantly enhanced by replacing the conventional regression method with the more robust

BHM modeling approach.

1. Introduction

Calibration-curve based methods are extensively used in analyti-
cal chemistry to determine analyte concentrations, constituting over
90% of chemical analytical work [1]. This process typically involves
two distinct steps: (1) developing a calibration curve through empir-
ical modeling (regression), using known concentrations of standard
solutions as the predictor and corresponding instrument-generated re-
sponses as the response variable, and (2) estimating the unknown
analyte concentration of a calibration sample using its instrumental
response and the inverse function of the regression model from step
(1). Although instrumental responses of calibration standard solutions
and calibration samples with unknown concentrations are often mea-
sured simultaneously, these two steps are independent. The accuracy of
estimated unknown analyte concentrations depends on the statistical
characteristics of the regression model. In this paper, we discuss the
situation where the calibration curve is fit using ordinary least squares
method routinely used in a chemical analytical lab setting. That is,
the calibration curve residuals are random variates from a normal
distribution with mean O and a constant variance.

Typically, calibration processes rely on goodness-of-fit statistics
(e.g., coefficient of variation or R2-value for linear regression) as a
summary of the regression model’s “quality”. These statistics measure
the fit and prediction of the instrumental responses, not the unknown
concentration. There had been numerous papers on how to properly
quantify the estimation uncertainty of the inverse function estimated
concentrations, since the first known paper on the topic [2]. The
statistical approach is to derive the sampling distribution [3] of the
inverse function estimator.

The theoretical sampling distribution for the calibration estimator
(the inverse function of the standard curve) is only available when
the calibration curve is linear, a Cauchy distribution for which the
moment generating function does not exist [4]. Based on the Cauchy
distribution, the theoretical confidence interval of a linear inverse
estimation can be derived (see, e.g., equation (3.26) of Draper and
Smith [5]). In practice, this approach is simple and reliable when the
calibration experiments were carried out properly. Theoretically, this
100(1—a)% confidence interval can include negative or positive infinity,
or both, when the null hypothesis of the linear calibration curve’s slope
being 0 is not rejected at a significance level of a. When the null
hypothesis is rejected (as in most practical applications), the confidence
interval can be approximated to be

(€Y

Xo £t 3=
0 a/2,n+m—-3 | ﬁ |
for a linear calibration curve of y; = fy+fx; +¢;, where, i = 1,...,n are
the index of the standard solutions (with known concentrations), y; is
the instrumental response of the standard solutions (with a mean y), x;
is the known concentration of standard solutions (with a mean x), the
estimated unknown concentration of the calibration sample is %, = (5,—
fo)/ B, where 3, is the mean of the m replicate instrumental response
from the calibration sample, and S,, = >_ (x; — X)*> [6]. Examining
the role of replication (m), Miller [6] noted that “a small number of
replicate determinations of y, can drastically improve the precision of
x,”. The confidence interval for %, can also be derived using the first-
order Taylor series approximation for nonlinear calibration curves [7],
which may be an expression that must be found numerically (see,
e.g., [8]). The potential computational difficulties have been largely
resolved with the advent of modern statistical software programs.

[
1

In this paper, we aim to further improve the consistency and accu-
racy of a calibration estimated concentration by rethinking the calibra-
tion problem from a different angle, and introduce statistical approach
to further improve the reliability and accuracy of the modern calibra-
tion method for measuring analyte concentrations. Our paper focuses
on the majority of calibration problems, where the standard curve
coefficients are estimated using the ordinary least squares method
(i.e., the regression residuals are assumed to be independently and iden-
tically distributed normal random variates with mean 0 and a constant
variance). In the rest of this section, we introduce the statistical basis
of our approach.

The statistical concept of uncertainty of an estimator includes bias
and precision. Bias is the difference between the mean of the sam-
pling distribution and the (unknown) true value, and precision is
measured by the variance of the sampling distribution. When the
sampling distribution mean coincides with the true value, the estimator
is “unbiased”. The variance of an unbiased estimator is often called
random error in analytical chemistry and the bias is known as the
systematic error [1]. Common statistical methods used in analytical
chemistry produce unbiased estimators. However, because of the fun-
damental trade-off between variance and bias, unbiased estimators
often have high variances, which means that the estimated standard
curve parameters and analyte concentrations can be highly sensitive to
small variability in the data, especially when the sample size used for
developing the calibration standard curve is small.

Because we do not use the mean of repeatedly measured concen-
trations in practice, the error of a specific estimate must be judged by
its accuracy (the absolute difference between the specific estimate and
the true value). An unbiased estimator with a large variance can result
in individual estimates with large deviations from the true value (low
accuracy overall), whereas a (slightly) biased but precise estimator can
result in highly accurate estimates (Fig. 1), a consequence of the basic
statistical trade-off between bias and variance.

Statisticians have long learned that “certain deliberately induced
biases can drastically improve estimation properties when there are
several parameters to be estimated” simultaneously [9]. Such bias
is usually induced by incorporating relevant information outside of
the data used for estimating the parameters of interest (i.e., the data
from the standard solutions). Hoadley [10] expressed the same sen-
timent wishing to find a way to give less weight to a calibration
estimate when it is known to be unreliable. Perhaps this was what mo-
tivated Hoadley to investigate the Bayes estimator, which incorporates
additional information in the form of a prior distribution of model co-
efficients. Although Hoadley’s Bayesian linear calibration method used
non-informative priors, the Bayesian method provides a framework to
incorporate such information. Klauenberg et al. [11] developed infor-
mative priors for an enzyme-linked immunosorbent assay test using
plausible characteristics of the logistic calibration curve, a diverse set
of historical tests, and heavy-tailed approximation historical posterior
distributions of the same parameters.

We find the Bayesian method appealing, because we can incorporate
relevant information beyond the data to formulate a proper informative
prior distribution to improve estimation accuracy. Furthermore, the
difficulty in developing the sampling distribution of the calibration
estimator to accurately quantifying uncertainty in the classical (espe-
cially nonlinear) calibration problem can be circumvented by using a
Bayesian method for estimating the posterior distribution of unknown
analyte concentrations [3]. However, deriving the posterior distribu-
tion used to be a highly technical task. Most early applications used
non-informative priors in order to derive the analytical expressions
of the posterior distributions (e.g., [12,13]). As a result, they did not
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unbiased

Fig. 1. The bias-variance trade-off — a biased estimator with a low variance (left panel) can often out-perform an unbiased estimator because of the fundamental bias-variance

trade-off in statistics.

leverage additional information beyond the data. With the advent of
modern simulation-based computational methods, specifically, Markov
chain Monte Carlo simulation (MCMC) [14], computational difficulties
are no longer a hindrance. As such, if we can identify sources of
relevant information, estimation uncertainty can be reduced.

In the context of a calibration problem, two pertinent sources of
information can be utilized to improve estimation accuracy. Firstly,
the samples needed to build the calibration curve, quality assurance
(QA) samples with a known amount of analyte, and calibration samples
with unknown amounts of analyte are usually analyzed in the same
batch. In other words, there are multiple unknown analyte concen-
trations to be estimated in a single batch. The situation aligns with
Stein’s paradox [15], which suggests that biased estimators, such as the
classical James-Stein estimator [16,17], empirical Bayes methods [18],
and the Bayesian hierarchical modeling (BHM) approach [19], can
derive relevant priors for the multiple unknown analyte concentrations
thereby improving the overall estimation accuracy when estimating
more than three variables simultaneously. Secondly, laboratories con-
ducting routine analyses accumulate multiple calibration curves over
time. Through the use of BHM, we can achieve a similar improve-
ment in estimation accuracy for the calibration curve coefficients [20].
In both the classical and Bayesian methods, the approach involves
shrinking individually estimated (and unbiased) quantities (multiple
unknown concentrations within a calibration test and calibration curve
coefficients among multiple tests) towards their corresponding overall
averages (Fig. 2).

The reason of this improvement in estimation accuracy can be
understood intuitively as follows: when we empirically estimate a
quantity (with inherent error), the estimate may be either overesti-
mated or underestimated compared to the underlying true quantity.
In isolation, we are unsure of the direction of the estimation error,
making an unbiased estimator desirable. However, when there are
multiple estimates of the same quantity from, for example, parallel or
inter-laboratory studies, the overall average of these estimates serves
as a reference to determine whether an estimate is likely too high or
too low. Consequently, shrinking the estimates towards their overall
mean is advantageous in reducing overall estimation uncertainty, as
demonstrated by a mathematical proof [21]. The James-Stein estimator
and BHM calculate the levels of shrinkage based on the strength of
the information derived from the relative magnitudes of the estimation
uncertainty of individual estimates compared to the spread among
individual estimates. Efron and Morris [15] presented a popular science
introduction of Stein’s paradox.

In this study, we illustrate the use of the BHM approach to leverage
the two sources of information for developing relevant informative
priors to improve the measurement accuracy of calibration methods.

The BHM approach has been shown to reduce estimation and prediction
uncertainty in many statistical estimation problems [19]. Through
three examples representing three types of calibration problems we
illustrate (1) the methodological details of applying BHM to calibration
problems, (2) how sample size used to develop the calibration curve af-
fects estimation accuracy, and (3) why replication samples can improve
the quantification of estimation uncertainty in a traditional calibration
method.

2. Methods

We first discuss the calibration problem as a statistical problem of
estimating missing data and the difficulty in quantifying the estimation
uncertainty. We propose to use a Bayesian approach to the same
problem such that the estimation uncertainty can be quantified. As
a statistical problem, the estimation uncertainty is directly linked to
the sample size. In the calibration problem, the sample size is the
number of standard solutions used for fitting the calibration curve. We
show that the limited sample size (determined by the current analytical
infrastructure) is a significant concern for the measurement accuracy
and how a modern statistical method originated in the 1960s can be
used to leverage available information from the existing analytical
method to improve measurement accuracy without changing current
lab procedures. Statistical details relevant to the calibration problem
are included in the online Supporting Information.

2.1. Calibration as a missing data estimation problem

The classical calibration problem involves a statistical estimation
process that aims to estimate both the calibration curve coefficients
and the unknown analyte concentrations. In this process, we measure
the instrumental responses of » standard solutions (y;,i = 1,...,n) and
m calibration samples with unknown analyte concentration o,j =
1,...,m) together. The goal is to simultaneously estimate the calibration
curve coefficients (9) and the missing concentration values (x{), j =

1,...,m) together. This can be formulated as a regression problem with
missing (predictor variable) data, expressed by Eq. (2):
i = f(x,0)+¢
i J
Vo = [0 +eg; (2)
g; ~ N2

where, f represents the calibration model (e.g., a linear or nonlinear
function with unknown parameters ¢) and x;,i = 1, ..., I are the known
standard solution concentrations. The model error term ¢ is assumed to
follow a normal distribution with mean 0, and variance ¢2, which is a
measure of the measurement error of the instrumental response.
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Fig. 2. The empirical Bayes method partially pools data from multiple sources (1-k) to leverage available information through a common prior of group-specific parameters. The
resulting posterior distribution of the hyper-parameters can be used in a sequential updating process when analyzing data from a new group (j).

The joint likelihood function of the unknown parameters 6, o> and
x)) is:
n 1 (yi-fG1.0))° (-1 o)

I | B | () ®)

i=1 \2mo j=1 \2mo

The maximum likelihood estimator of x{) coincides with the two-
step process of fitting the regression model to data from standard
solutions and estimating calibration sample concentrations using the
inverse function of the fitted calibration curve. Mathematically, the
inverse function method is expressed as:

= ()/,é). “

Here, )?{) represents the estimated concentration of the jth calibration
sample. To quantify the uncertainty of the estimated concentrations
(fc{)), we must derive its sampling distribution, from which we de-
rive the confidence interval as the measure of estimation uncertainty.
However, the theoretical sampling distribution exists only for a linear
calibration problem, which is a Cauchy distribution for which the mean
and variance do not exist. This problem led us to the Bayesian approach
using MCMC. For comparison to the Bayesian approach, we use the
Monte Carlo simulation method described in [22] to approximate the
sampling distribution.

2.2. Bayesian calibration

Under the Bayesian framework, we estimate the posterior distribu-
tion of all unknown quantities, which is

T (0, Gz,x{) | data) x (9,0’2,xé> X L 5)

where 7(0, 62, xé | data) represents the posterior distribution of all un-
known parameters, L is the likelihood function (Eq. (3)), and z(8, 62, x{))
is the prior distribution.

When using non-informative (or flat) priors (i.e., (6, oz,x{)) x 1),
the Bayesian posterior distribution is the normalized likelihood func-
tion. (For computational stability, we used the weakly informative prior
[23] implemented in the software Stan.) Although an analytic solution
of Eq. (5) can be challenging even for the simplest linear calibration
problem [12], the Markov chain Monte Carlo (MCMC) simulation-based
computation method can be readily used for estimating the marginal
posterior distributions of x{), 0, and o2 (see [24] for details).

2.3. Bayesian hierarchical modeling

Because of the presence of multiple test samples with unknown
analyte concentrations and multiple calibration tests over time, we
use a BHM approach to reduce estimation uncertainty at two levels,
leveraging the two sources of information discussed in Section 1.
The statistical basis of this improvement is the Stein’s paradox [16]
from the classical statistics and the empirical Bayes approach [25]
from Bayesian statistics. Stein’s paradox showed that when there are
multiple parameters (e.g., multiple unknown analyte concentrations)
to be estimated simultaneously, adjusting the individually estimated
(unbiased) estimates towards the overall mean can improve the overall
estimation accuracy. This adjustment is known in statistics literature
as shrinkage. That is, shrinking the range of the multiple (unbiased)
estimates. Mathematical theory [9] suggests that unbiased estimates are
more likely to be far away from the overall mean. As a result, shrinking
unbiased estimates towards the overall mean will always improve the
overall estimation accuracy. In other words, estimation methods that
result in a shrinkage effect (shrinkage estimators) are always better
overall than their unbiased counterparts. The empirical Bayes approach
achieves similar shrinkage effect by imposing a common prior on the
multiple parameters and estimating the (common) prior distribution
parameter(s) from the data.

Within a single calibration test, we normally have multiple calibra-
tion samples with unknown concentrations. Accordingly, we impose a
common prior distribution for all unknown concentrations to reflect
our knowledge that these concentrations are likely different from each
other, while acknowledging our ignorance of their relative magnitude:

log()) ~ N (112, ) ©®

The log transformation of x, is used because concentration variables
can usually be approximated by the log-normal distribution [26]. The
prior distribution N ,ux(],afo is known as the hyper-distribution and
its parameters (4., and af(o) are hyper-parameters, with u, as the
estimate of the overall average concentration of all samples and o2 as
the among sample variance. With the common prior and data from mul-
tiple samples, we can estimate the hyper-parameters without additional
information. In other words, the common prior distribution is estimated
from the data (hence the early name “empirical” Bayes). The estimated
overall average is a result of having multiple samples in the same
calibration test, which represents information gained from combining
these samples together. Eq. (6) facilitates information sharing among
multiple test samples within a test.
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Likewise, in cases where labs routinely repeat the same test, re-
sulting in multiple sets of estimated calibration curve coefficients,
we can use another Bayesian hierarchical framework to unite these
multiple tests by analyzing data from the multiple tests together. As
calibration curve coefficients are regression coefficients, we can impose
the same normal prior distribution to reflect our knowledge that model
coefficients vary from test to test, but we cannot foresee the relative
magnitude of them among multiple tests:

B~ N (Mpﬁ;) . ™

Similarly, weakly informative priors can be used for u; and o.
Again, 4, is the estimated mean of multiple calibration curve coeffi-
cients and the hierarchically estimated p, is closer to the overall mean
(up) than its unbiased counterpart. The among-test variance o2, along
with the within-test variance, determine the shrinkage level of each
test. Eq. (7) facilitates information sharing across multiple tests.

Egs. (6) and (7) can be combined in a single hierarchical model
for estimating all unknown concentrations and calibration curve coeffi-
cients from multiple tests. Sharing information within a test and across
multiple tests achieves “deliberately induced biases” in the estimated
unknown concentrations and calibration curve coefficients.

2.4. Examples

We use three examples to illustrate the BHM approach: a nonlinear
enzyme-linked immunosorbent assay (ELISA) calibration curve example
to illustrate the effects of pooling information within a test and across
multiple tests and the effects of sample size in calibration accuracy, a
linear calibration curve example to discuss the importance of replica-
tions in evaluating the accuracy of a calibration problem, and a matrix
effect example to show other relevant sources of information.

In these three examples, we have one or more quality assurance
(QA) samples with known analyte concentration. We evaluate the
accuracy of different methods by comparing the estimated concentra-
tions of QA samples to their known concentrations and measure the
accuracy using the absolute differences between the estimated and
the known concentration values. To evaluate the uncertainty of the
Bayesian methods, we use the estimated posterior distributions of the
QA concentrations (represented by random samples from their posterior
distributions) to derive the posterior distribution of the accuracy. For
the classical (OLS) calibration method, we use the Monte Carlo sim-
ulation method for assessing regression model uncertainty discussed
in [27] and [22]. These simulation methods use random samples of
the sampling distribution of the estimated regression model coefficients
to represent regression model uncertainty: each set of random coeffi-
cients represents a possible calibration curve, from which we estimate
the QA sample concentration. As a result, uncertainties of both the
Bayesian methods and the classical calibration method are represented
by random numbers from their respective distributions.

2.4.1. The nonlinear calibration example

The nonlinear calibration example uses data collected during the
“Toledo Water Crisis” of August 1-3, 2014, when a “Do-Not-Drink”
order was issued due to one microcystin (MC) measurement (2.7 pg/L)
exceeded the Ohio drinking water quality standard (1 pg/L) on August
1, 2014. The measurement was made in City of Toledo’s drinking water
plant using a nonlinear ELISA with kits from Eurofins-Abraxis. The
kit recommends the use of a sigmoid function (the four parameter
logistic function) to describe the relationship between the instrumental
response (y) and MC concentration (x, Eq. (8)).

0,-6,
y=0,+ ——2 4¢ ®)

0,
X
1+ ()

This example has data from six ELISA tests carried out during the
crisis so that we can illustrate the computational details and make
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direct comparisons between the BHM estimates and the classical cal-
ibration estimates. Data are from [22].

Following the US EPA’s standard protocol, the standard commercial
kit from Abraxis uses six standard solutions with known MC values
ranging from 0 to 5.55 pg/L with two replicates each. Each ELISA kit
from Abraxis come with one QA sample with a known MC concentra-
tion of 0.75 pg/L, near the low end of the standard solutions range.
The resulting 12 data points are either (1) directly used for fitting
the calibration curve (n = 12) or (2) transformed by averaging the
response replicate observations for each non-zero standard solution and
dividing them by the average of the zero solution replicates to generate
5 “relative” responses for fitting the calibration curve (n = 5).

2.4.2. The linear calibration example

A calibration problem with a linear standard curve is the simplest
calibration problem. We used water quality (orthophosphate, PO,)
monitoring data from the Stream and Wetland Assessment Manage-
ment Park (SWAMP) at Duke University in Durham, NC. The mea-
surement method is based on the reaction of ammonium molybdate
and potassium antimonyl tartrate in acid medium with orthophosphate
(PO,). The resulting phosphomolybdic acid is then reduced to intensely
colored molybdenum blue by ascorbic acid (Ascorbic Acid Method,
SM 4500-PE). The intensity of the color is proportional to the PO,
concentration in the sample. Six standard solutions with known PO,
concentrations (5, 10, 20, 50, 100, and 200 pg/L) and two blank
samples (0) are used to develop the linear calibration curve (i.e., y =
Po + B1x + €). We used a subset of calibration tests from 2017 to 2021
in this paper.

The US EPA’s PO, measurement protocol does not require replicate
samples. As a result, the prediction uncertainty estimation is based
on the fitted standard curve alone. This is because with replicates the
calibration curve’s residual variance (62 in Eq. (1)) can be estimated as

2 27:1 (Yi - o - ﬁlxi)z + E;:l (y()j - Yo)z

B

n+r-3
where y;,i = 1,...,n are the responses of the standard solutions with
known concentrations x;, Yoj»0 = 1,...,r are the responses of the r

replicates, and j, is the replicate mean. In other words, replicates con-
tribute to the estimation of the regression residual variance. Without
a replicate (r = 1 and ¥7_ (yo; — ¥)* = 0), the estimated 6° and the
confidence interval (Eq. (1)) revert back to the estimated residual vari-
ance and the confidence interval predicted by the fitted standard curve
alone. No new information is gained from the calibration samples [12].

The QA sample from the Duke lab has a known concentration of
50 pg/L, which has the same concentration as one of the standard
solutions used for fitting the calibration curve and is very close to the
mean of the standard solution concentrations (48.125 pg/L, including
the two blanks), where the fitted regression model has the lowest
uncertainty [28]. As a result, using a QA sample near the standard
solution concentration mean will likely underestimate the prediction
uncertainty. For this example, we compare the accuracy of the Bayesian
methods.

2.4.3. Matrix effects

Concentrations of xenobiotics in human blood are often used to
measure human exposure to organic pollutants, such as pesticides and
pharmaceuticals. Measuring xenobiotic concentrations can be expen-
sive and complicated, and ultimately, the concentration in a blood
sample is estimated using a calibration method. A recent study explored
the use of biocompatible solid phase microextraction (SPME) coupled
with liquid chromatography mass spectrometry (LCMS) for xenobiotic
analysis in plasma [29].

This study emphasized the feasibility of using non-human plasma-
based standard solutions to reduce costs. Due to differential binding
between target analyte and different plasma, calibration curve coeffi-
cients are known to vary from plasma to plasma (the matrix effect).
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When the matrix effect between human plasma and non-human plasma
(e.g., bovine plasma) is stable, bovine plasma-based standard solutions
can be used as substitutes for human plasma standard solutions, which
can greatly reduce measurement costs. Using calibration data for ace-
tochlor (a widely used chloroacetanilide type herbicide and known
human carcinogen and thyroid disruptor) as an example, we illustrate
the use of BHM for improving estimation accuracy (evaluated using QA
samples) and establishing matrix effects.

The raw data from the experiments included results from multiple
days, and only the data from the first day were used in our analysis
(including the calibration standard solutions and quality control sam-
ples). There are three groups of quality assessment samples spanning
across the concentration spectrum of the target analyte concentration
to represent low, median, and high levels. As in the other two examples,
we analyzed the data using both the conventional inverse-estimation
method and the BHM method. In both methods, we used predesignated
standard solutions and treated quality control sample concentration
values as unknown to evaluate estimation accuracy. There are six
mediums (human, bovine, rabbit, and rate plasma, and PBS solution)
for each xenobiotic.

For the inverse-estimation method, we fit each of the six calibra-
tion curves independently and calculate the “unknown” concentra-
tions using the respective resulting linear functions. The BHM method
combines data from all six test mediums to estimate the quality con-
trol sample concentrations and the six calibration curve coefficients
together.

The example includes (1) the determination of the calibration curve
format (a log-log linear model), (2) a comparison of the estimation
accuracy using three sets of quality control samples, and (3) the esti-
mated matrix effects (differences in fitted calibration curve coefficients,
intercept and slope, among five mediums: human, bovine, rabbit, and
rat plasma, as well as phosphate-buffered saline, or PBS, buffer).

2.4.4. Methods comparison

We use “uncertainty” as a general concept of the state of being
unsure how close the estimated concentration is to the unknown true
value. Accordingly, we measure the uncertainty using “accuracy” de-
fined as the absolute difference between the estimated and the true
value, which can only be directly estimated when quality assurance
(QA) samples with known concentrations are available. Accuracy can
be attributed to both the variance and bias of an estimator (Fig. 1). Both
bias and variance summarize the collective behavior of the estimation
method. In our case, we use random samples, either from the posterior
distribution or the Monte Carlo method, to capture the behavior of the
accuracy: using the median of the random samples to approximate the
expected accuracy and the ranges of the middle 50% and 95% of the
random samples (the 50% and 95% credible intervals) as a measure of
consistency of the method.

2.4.5. The role of sample size

In a regression problem, we assume that the response variable is
a normal random variable with the mean defined as a function of the
predictor variable (the mean function) and a constant residual variance.
The model-fitting process quantifies both the mean function coefficients
and the residual variance based on available data. The estimation
uncertainty is largely determined by the amount of information in
the data, measured by the degrees of freedom (typically, the sample
size minus the number of model coefficients to be estimated). The
regression model coefficient uncertainty is a function of the model’s
residual variance. When a regression model’s degrees of freedom is
four or fewer, the uncertainty of the estimated residual variance is
undefined, meaning that we cannot simultaneously quantify the model
coefficients and the residual variance with confidence. In other words,
a regression model with a degree of freedom of 4 or fewer cannot
be reliably used for prediction, although a regression model fit with
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a small sample size is more likely to have an impressive goodness-
offit statistics (e.g., R? value). In the extreme case of fitting a linear
model with two data points, we always obtain a perfect R? value of 1
and a 6% = 0. However, with a degrees of freedom of 0, we have no
information about the model’s predictive accuracy (i.e., the resulting
model is unreliable for prediction).

2.4.6. Computational details

We implemented our methods in R [30], using the package rv [31]
for Monte Carlo simulation, and rstan [32] to access the Bayesian
computation software Stan [33] for our Bayesian computation. Data
and commented R code used for this work are available at author’s
GitHub repository (GitHub.com/songsgian/calibration).

3. Results and discussion
3.1. The role of sample size

We illustrate the role of sample size by fitting the nonlinear four-
parameter logistic function (Eq. (8)) using data from the first ELISA
test from Toledo Water Crisis. We fit the regression model using a
Bayesian regression method (with non-informative priors) and illustrate
the strong correlation between model coefficients and the residual
variance. We first use n = 5 (relative response data) and then use n = 12.

When fitting the model using relative responses (n = 5), the
marginal posterior distributions of §; and o2 are funnel-shaped (Fig.
3, top row): the range of 6, is highly dependent on the value of ¢2.
With n = 5 (or 1 degree of freedom), we have no information to
adequately quantify o2. As a result, we are highly uncertain about
the model coefficients. When fitting the same model with n = 12
(8 degrees of freedom), we are able to better quantify o> (Fig. 3,
bottom row). As a result, the estimated 6; are more stable. In all
six tests, the apparent R?-values for the models fit with n = 5 are
larger and the residual standard errors are smaller than the same for
models fit with n = 12. Using the Bayesian estimation method, we
can evaluate the estimation uncertainty using the posterior distribution
of the unknown analyte concentration. The variances of the estimated
MC concentrations (expressed as the standard deviations of posterior
distributions) using the inverse-function method is orders of magnitude
higher when using the standard curve fitted with n = 5 than the
same using n = 12 (Fig. 4). In other words, the R?-value and residual
standard deviation should not be used as the sole criterion of evaluating
a calibration curve. Fitting a calibration curve using average responses
of standard solution replicates is inadvisable. In the rest of the paper,
we present the Toledo Water Crisis example results of the model with
n =12 only.

3.2. Hierarchical modeling within and across multiple calibration curves

We apply the BHM approach on two levels. One is within each
test, by considering all unknown analyte concentrations as exchange-
able (i.e., they are different but otherwise uncertain) and imposing a
common prior distribution. That is, we fit the calibration curve and
estimate unknown concentrations one test at a time. The other is across
all tests by considering the standard curve coefficients as exchangeable
and imposing a common prior across the 6 tests. As a result, the
six calibration curves are fitted and all unknown concentrations are
estimated together.

In the six Toledo Water Crisis ELISA tests, we have, for each test,
11 to 40 test samples with unknown MC concentrations and one QA
sample with a known MC concentration of 0.75 pg/L. We compare the
estimated MC concentrations of the QA sample from using the inverse-
function method, and the two BHM approaches (Fig. 5). The estimation
uncertainty of the inverse-function based method is estimated based
on a Monte Carlo simulation where random samples of the standard
curve coefficients were used to represent the model uncertainty. Some
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Fig. 4. Estimation uncertainty (expressed as standard deviation of the estimated MC
concentrations) using the inverse-function method is a function of the sample size used
for fitting the standard curve. The boxplots represent the 80 estimated log standard
deviations from the 40 water samples (each with a replicate) in one of the 6 ELISA
tests conducted during the Toledo Water Crisis.

random samples of the coefficients result in non-real value solutions
(log of negative values) and must be excluded. As a result, uncertainty
of the inverse-function method in Figs. 5 and 6 is underestimated.

We note that the inverse-function method estimated QA sample con-
centrations vary more from test to test compared to the estimates from
the BHM estimates, also reflected in the comparison of the estimated
accuracy among different methods (Fig. 6).

For the two linear calibration examples from SWAMP monitoring
data, we only compare the three Bayesian methods: Bayesian without
using the hierarchical modeling approach (Bayes), BHM within test
only (BHM, ), and BHM within and across tests (BHM,) (Fig. 7). As with
the ELISA data, BHM within a test resulted in a substantial reduction in
bias. The addition of cross-test BHM produced marginal improvement.

For the mass-spectrometry data, we only show the comparison of
BHM within and across the calibration curves and the classical model
averaged over the estimates from 6 different mediums. Because the cal-
ibration curve is fit on log-concentration scale, the absolute difference

6 =
—
5% I
2y =
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=}
S|
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0 1 2 3 1

Estimated MC concentrations (pg/L)

Fig. 5. The estimated QA sample concentrations (two replicates) using inverse-function
method (black), BHM within test (blue), and BHM within and across test (red) are
compared. The open circles are the estimated means, the thick and thin lines are
the 50% and 95% credible intervals, respectively. The true QA sample concentration
(0.75 pg/L) is shown by the gray vertical line. The inverse-function method produced
two estimates, one for each replicate. Each Bayesian method produced one estimate
for each QA sample.

between the estimated and true log QA sample concentration is the log
ratio of the estimated over the true. As such the absolute value of 1
minus the ratio is the accuracy in percentage (Fig. 8). The accuracy in
this case can be measured as within a certain percentage of the true
concentration.

Although pooling information within a test is unquestionably justifi-
able, pooling information across tests requires fitting multiple calibra-
tion curves together, which is impractical. In a separate study, Jaffe
et al. [34] discussed the use of a sequential updating algorithm to
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Fig. 6. ELISA estimation accuracy (mean absolute errors of the 6 ELISA tests) of the
inverse-function estimators (I FE5 and I FE,,), Bayesian method with flat prior (Bayes),
BHM within test (BH M), and BHM within and across tests (BH M,) are compared to
the known control sample concentration of 0.75 pg/L. The black dots are the estimated
means, the thick and thin lines are the 50% and 95% credible intervals, respectively.
IFEs is for reference only. Its 95% credible interval range was greatly underestimated.
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Fig. 7. Estimation accuracy of the linear calibration example are compared among the
Bayesian estimators: Bayesian method with flat prior (Bayes), BHM within test (BH M),
and BHM within and across tests (BH M,). The known QA sample concentration is
50 pg/L [total phosphorus].
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Fig. 8. Estimation accuracy, measured by the relative biases are compared between
the inverse-estimation method (bottom line of each pair) and the BHM method (top
line of each pair). The three pairs of lines represent (from top to bottom) quality
control sample concentrations at the low (2.5-5 pg/L), median (10-25 pg/L), and high
(50-75 pg/L) groups. A bias of 5%, for example, represents that, in the concentration
scale, the estimated concentration is within 5% of the true concentration.
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implement the cross-test BHM. The algorithm is based on the definition
of the hyper-distribution of calibration coefficients (Eq. (7)), which
serves as the common prior for coefficients of individual calibration
curves. As such, when the hyper-distribution is estimated from existing
data, it can be considered as the prior for the coefficients of the next cal-
ibration test [18]. Consequently, we can update the hyper-distribution
one test at a time sequentially. The sequential updating algorithm can
be automated by incorporating it into a computer application, thereby
replacing the currently used spreadsheet-based applications (Fig. 2).

3.3. Matrix effect

In the xenobiotics measurement example, Godage et al. [29] first ex-
plored whether the linear calibration curve should be fit in the original
scale or the (natural) log-log scale. Graphical display (scatter plots) of
the measured response and known concentration values indicate that
the calibration curve is better defined in the log-log scale (Fig. 9).
A log-log linear relationship of log(y) = f, + f; log(x) + ¢ indicates
a proportional relationship between x and y, that is, for every 1%
increase in x, y would increase by f,% [22]. In the original scale, the
log-log model is a power model y = ayx”1 x ¢ (where a, = e%). We can
easily judge whether the response is proportional to the concentration
by comparing the estimated g, to 1. Based on Fig. 9, we used the
log-log model.

The advantages of BHM (or multilevel model) for estimating multi-
ple (related) regression model coefficients is well-documented in the
literature (e.g., [27,35]). In our analysis we find that the estimated
regression model coefficients for the six mediums are independent of
each other with low estimation uncertainty (Fig. 10). As a result, using
animal plasma (or PBS) as standard solution medium is feasible.

Finally, we note that there are more complicated situations in
a calibration study where the assumption of an independently and
identically distribution model error term (i.e., &; ~ N(0, 62)) may not
hold. In such situation, case-specific model formulation is necessary to
properly model specific deviation patterns from the assumption.

4. Conclusions

We proposed a Bayesian hierarchical modeling approach to improve
measurement accuracy of the calibration-based measurement methods.
As calibration-based methods are used for quantifying concentrations
of nearly all substances and affecting all aspects of our daily life, the
importance of our study cannot be overstated. Our study discussed the
importance of fitting the standard curve with an adequate sample size,
which is usually limited by the measurement instruments.

We recommended the use of Bayesian hierarchical modeling (BHM)
approach to improve measurement accuracy by leveraging relevant
information already available in a typical chemical laboratory. In all
three examples, the BHM method consistently outperform the con-
ventional inverse-function method in terms of measurement accuracy,
measured by the absolute difference between the estimated concentra-
tion values and the known (or true) concentration values, the pertinent
measure for calibration problems.

Although the BHM approach presented in this paper is not new
(both the frequentist and Bayesian statistical theories showed the ben-
efit of sharing information among relevant sources in improving esti-
mation accuracy [16,17,25]), our contributions lie in three areas. First,
we illustrated the accuracy problem of calibration methods, a problem
which is often oversimplified and approximated in practice. Second,
we demonstrated the effectiveness of the BHM approach in improving
the accuracy. In a separate paper Jaffe et al. [34] introduced our third
contribution, which made this approach easily applicable as discussed
in the previous section.

We envision that a web-browser-based application (e.g., one based
on the R Shiny package [36]) would be developed to incorporate
our sequential updating algorithm for each laboratory to replace the
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Fig. 10. BHM estimated calibration curve coefficients are of low estimation uncertainty, indicating that using non-human plasma as substitution for human plasma standard

solution is feasible.

currently used custom spreadsheet-based software. Such a browser-
based app would necessarily be lab- and analyte-specific, as is the
currently used spreadsheet-based software, to accumulate the updated
hyper-distributions of calibration curve coefficients.

5. Supporting information

In a GitHub repository https://github.com/songsqian/Calibration,
we included:

+ a document of statistical basis of our manuscript, which includes
a discussion on the difference between the fitted and predictive
uncertainty of a regression model, statistical details of treating
a calibration problem as a statistical estimation of missing data
problem, the use of Monte Carlo simulation to evaluate a linear
or nonlinear regression model, and the trade-off between an
unbiased and a biased estimator;

* Source data used in the paper; and

» Computer code with documentation.

All analyses were conducted in R. The raw data in this repository
were kept unaltered as we received them. Any data manipulation we

performed are recorded in the R code. The matrix effect example data
spreadsheets included fitted standard curves. They were not used in our
analysis. The Toledo water crisis data were originally published by the
City of Toledo in the form of a PDF file of photo-copied lab spreadsheet
printouts. The data we used were manually digitized by Qian [22]. The
PO4 monitoring data spreadsheet was provided by the Duke University
Wetland Center.
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